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The propagation of sound across a shear layer of finite thickness is studied using
exact solutions of the acoustic wave equation for a shear flow with hyperbolic-
tangent velocity profile. The wave equation has up to four regular singularities: two
corresponding to the upper and lower free streams; one corresponding to a critical
layer, where the Doppler-shifted frequency vanishes if the free streams are supersonic;
and a fourth singularity which is always outside the physical region of interest. In
the absence of a critical layer the matching of the two solutions, around the upper
and lower free streams, specifies exactly the acoustic field across the shear layer. For
example, for a sound wave incident from below (i.e. upward propagation in the lower
free stream), the reflected wave (i.e. downward propagating in the lower free stream)
and the transmitted wave (i.e. upward propagating in upper free stream) are specified
by the continuity of acoustic pressure and vertical displacement. Thus the reflection
and transmission coefficients, which are generally complex, i.e. involve amplitude
and phase changes, are plotted versus angle of incidence for several values of free
stream Mach number, and ratio of thickness of the shear layer to the wavelength;
the vortex sheet is the particular case when the latter parameter is zero. The modulus
and phase of the total acoustic field are also plotted versus the coordinate transverse
to the shear flow, for several values of angle of incidence, Mach number and shear
layer thickness. The analysis and plots in the present paper demonstrate significant
differences between sound scattering by a shear layer of finite thickness, and the
limiting case of the vortex sheet.

1. Introduction
There is an extensive literature on the acoustics of shear flows, dating back

more than half a century (Haurwitz 1932; Kücheman 1938; Pridmore-Brown 1958;
Möhring, Muller & Obermeier 1963; Nayfeh, Kaiser & Telionis 1975), which partic-
ular emphasis on boundary layers (Almgren 1976; Goldstein 1979, 1982; Myers &
Chuang 1983; Hanson 1984) and shear layers (Miles 1958; Graham & Graham 1968;
Balsa 1976a, b). In most of the literature the acoustic wave equation in a shear flow is
solved approximately, except for two exact solutions, in the case of an homentropic
linear shear (Goldstein & Rice 1963; Jones 1977, 1978; Scott 1979; Koutsoyanis 1979;
Koutsoyanis, Karamcheti & Galant 1980; Campos, Oliveira & Kobayashi 1999) and
an exponential shear (Campos & Serrão 1999). When a linear shear flow is matched
to one or two uniform streams, to represent respectively a boundary layer or a shear
layer, the velocity profile has a kink at the matching point, and thus the vorticity is
discontinuous, i.e. it jumps from a constant value in the linear shear flow, to zero
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Figure 1. Acoustic wave with frequency ω and horizontal wavenumber k incident on a shear layer
from below, giving rise to a reflected wave below and a transmitted wave above. A critical layer
exists in the upper half of the shear layer for a supersonic free stream.

in the uniform stream(s) to which the linear shear is matched. The present paper
considers a shear layer with an hyperbolic-tangent velocity profile (figure 1), for
which both the velocity and vorticity are smooth functions, the former monotonically
increasing between the two free streams, and the latter monotonically decreasing
from the mid-line. The hyperbolic-tangent shear flow profile has been studied before
(Michalke 1965) from the point of view of inviscid stability theory (Lin 1955; Drazin
& Reid 1979; Michalke 1984).

The acoustic wave equation (§ 2) in a hyperbolic-tangent shear flow (§ 2.1) has three
singularities (§ 2.2) in the flow domain: at the free streams, and at a critical layer,
where the Doppler-shifted frequency vanishes. In the case of a shear layer, without a
critical layer, only the two pairs of solutions about the two free streams are needed
and they are distinct in the upper (§ 2.3) and lower (§ 3.1) free streams, because the
mean flow velocity is reversed. Their matching in the shear layer, to ensure continuity
of the acoustic pressure and normal displacement, specifies (§ 3.2) the reflection and
transmission coefficients, e.g. for a wave incident from below, with the vortex sheet
as limiting (case) of zero thickness. In the presence of a critical layer, a third pair of
solutions would be needed for a shear layer, to match to the solutions around the free
streams, which are valid only up to the critical layer; in this way the wave field can be
extended across the whole shear layer, and continuity of pressure and displacement
can be used again to determine the scattering (reflection and transmission) coefficients.
The remaining case is that of acoustic propagation at the Mach condition M cos θ = 1,
for which the critical layer lies in the upper free stream; it can be shown (§ 3.3) that
the acoustic field consists of asymptotically evanescent and divergent components.
The latter can be eliminated for a shear layer, but only with a particular choice
of reflection and transmission coefficients. The relation of the present problem of
sound propagation in a shear layer to the triggering of shear layer instabilities by
sound is discussed briefly (Appendix A); both problems can use the same series
solutions, whose rate of convergence and truncation properties are also mentioned
(Appendix B).
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The scattering of sound in a shear layer depends on five parameters: wave frequency
ω, wavelength in the free stream λ, sound speed c, free-stream velocity V and
‘thickness’ L of the shear flow. With these five parameters, three dimensionless
parameters can be formed, i.e. the angle of incidence θ, Mach number M of the free
stream and ‘thickness’ of the shear layer δ = L/λ normalized to the wavelength in
the free stream. Thus the scattering coefficients (for reflection R or transmission T )
depend on the angle of incidence θ, and also on Mach number M and thickness δ.
The limit δ → 0 represents a vortex sheet (Miles 1958), and the opposite limit δ →∞,
sound ‘rays’ (Amiet 1978), is a slowly varying shear flow; the most interesting case
δ ∼ 1 is sound scattering by a shear layer of ‘finite thickness’ on a wavelength scale.
The present analysis covers the whole range of shear flow thickness δ and Mach
number M (§ 4.1), both for the calculation of scattering coefficients (§ 4.2) and the
acoustic pressure (§ 4.3), including supersonic shear layers (§ 5) for which M cos θ > 1
and thus a critical layer exists. Other aspects of the problem concern sound radiation
by sources near a shear flow (Ffowcs Williams 1974) and the triggering of instabilities
(Michalke & Timme 1967; Michalke 1989).

2. Sound propagation in the hyperbolic-tangent shear flow profile
The two-dimensional propagation of sound in an unidirectional shear flow, with

an hyperbolic-tangent profile, is studied starting from the acoustic wave equation
in an unidirectional shear flow (§ 2.1), and considering its singularities at (§ 2.2)
a critical layer and in (§ 2.3) the free streams. The matching of solutions around
these singularities specifies the acoustic field in the whole flow region, including the
asymptotic forms in the free streams.

2.1. Acoustic wave equation for unidirectional shear flow

Consider (figure 1) a unidirectional shear flow with hyperbolic-tangent profile:

U (y) = V tanh(y/L)ex. (1)

This represents a smooth velocity profile between ∓V at ∓∞:

U (y → ±∞) = ±V [1∓ 2e∓2y/L + O(e∓4y/L)]ex, (2a)

and vorticity:

q ≡ ∇ ∧U = −(V/L)sech2(y/L)ex, (2b)

which varies from −V/L at y = 0 to zero at y = ±∞. The case of distinct free-stream
velocities:

U (−∞) = U1, U(+∞) = U2, (3a, b)

reduces to

V = (U2 −U1)/2, U0 = (U2 +U1)/2, (4a, b)

in a reference frame moving at velocity U0, i.e. the Doppler-shifted frequency

ω0 = ω − kU0 (4c)

is used instead of ω.
Since the mean state does not depend on time t and horizontal coordinate x, it is

convenient to use the Fourier representation of the two-dimensional acoustic pressure
field

p(x, y, t) =

∫∫ +∞

−∞
P (y; k, ω)ei(kx−ωt) dk dω, (5)
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where P (y; k, ω) is the acoustic pressure perturbation spectrum for a wave of frequency
ω and horizontal wavenumber k, at transverse position y. It satisfies the acoustic wave
equation in a unidirectional shear flow (Campos & Kobayashi 2000a):

P ′′ + 2[c′/c+ kU ′/(ω − kU)]P ′ + [(ω − kU)2/c2 − k2]P = 0, (6)

where a prime denotes derivative with respect to y, e.g. P ′ ≡ dP/dy, and c is the
adiabatic sound speed of the mean flow

c2 = (∂p0/∂ρ0)s. (7)

The unidirectional shear flow corresponds to uniform mean flow pressure p0, and
in (7) it is assumed that the mean flow is isentropic, i.e. ds/dt = 0, where d/dt ≡
∂/∂t+U∂/∂x is the material derivative. If the mean flow is assumed to be homentropic
s0 = const, then the equation of state p0 = p0(ρ0, s0) implies constant mean flow mass
density ρ0 = const, and constant sound speed c = 0, so that the acoustic wave
equation (6) simplifies in a homentropic unidirectional shear flow to

(1− kU/ω)P ′′ + 2(k/ω)U ′P ′ + k2(1− kU/ω)[(1− kU/ω)2(ω/kc)2 − 1]P = 0, (8)

the usual form in the literature (Haurwitz 1932; Kücheman 1938; Pridmore-Brown
1958; Möhring et al. 1963; Campos & Serrão 1999).

When introducing the hyperbolic-tangent shear flow profile (1) in the wave equation
(8), it is convenient to make the change of independent variable:

ξ ≡ tanh(y/L), Φ(ξ) ≡ P (y; k, ω), (9a, b)

leading to a linear second-order differential equation with polynomial coefficients:

(1− Λξ)(1− ξ2)2Φ′′ + 2(1− ξ2)(Λ− ξ)Φ′ + (1− Λξ)[Ω2(1− Λξ)2 −K2]Φ = 0, (10)

where a prime denotes derivative with respect to ξ, and three dimensionless parameters
appear:

Ω ≡ ωL/c, K ≡ kL, Λ ≡ kV/ω. (11a, b, c)

The first parameter (11a) appears as a dimensionless ‘frequency’:

Ω = 2πL/τc = 2πL/λ = 2πδ, δ ≡ L/λ, (12a, b)

where the wave period τ = 2π/ω, and wavelength λ = τc have been introduced; this
parameter specifies the ratio of the lengthscale of the shear flow L to the wavelength
of sound in the free stream λ, so Ω � 1 or λ � L corresponds to sound scattering
by a ‘vortex sheet’, whereas Ω2 � 1 corresponds to the ‘ray limit’ of a short wave in
a slowly varying mean flow λ� L2, with Ω ∼ 1 leading to the more interesting case
of interaction of sound with a shear layer of ‘finite’ thickness. Taking the horizontal
wavenumber for a medium at rest:

k = (ω/c) cos θ, (13a)

where θ is the angle of the direction of propagation with the mean flow, the second
parameter, (11b), which appears as ‘dimensionless wavenumber’:

K = (ωL/c) cos θ = Ω cos θ, (13b)

relative to (12a), specifies the direction of propagation, namely oblique for K < Ω,
horizontal for K = Ω, with evanescent waves corresponding to K > Ω. The last
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Case A B C
Critical layer: in shear layer in free stream absent

yc < ∞ = ∞ imaginary
Λ = M cos θ > 1 = 1 < 1
Mr ≡ 1−M cos θ < 0 = 0 > 0

Table 1. Existence and location of critical layer.

Case A B C
Critical layer: in shear layer in free stream absent

ξc < 1 = 1 > 1
singularities ±1, ξc ± 1 ± 1
in (−1,+1)

Radius of convergence of solution in powers of

1− ξ 1− ξc 2 min {2, |1− ξc|}
1 + ξ 1 + ξc 2 min {2, |1 + ξc|}
1− Λξ 1− ξc (2) min {|1− ξc|, |1 + ξc|}

Table 2. Solutions of the acoustic wave equation.

parameter, (11c),

Λ = (V/c) cos θ = M cos θ, M ≡ V/c, (14a, b)

involves the Mach number of the free stream, and in related to the Doppler factor,
as will be seen next.

2.2. Existence of a critical layer and matching of the wave fields

The preceding account makes clear that the scattering of sound by a shear layer
depends on three parameters (11a, b, c), which are combinations of the Mach number
M, angle of incidence θ and shear layer thickness δ. The first two apply to a ‘vortex
sheet’, and the last distinguishes a shear layer of ‘finite thickness’, allowing for new
flow–acoustic interaction effects. The acoustic wave equation (8) has a singularity
where the Doppler-shifted frequency

ω∗(y) = ω − kU(y) = ω − kV tanh(y/L) (15a)

vanishes, and this determines the position yc of the critical layer, which is specified
by

ω∗(yc) = 0 : ξc ≡ tanh(yc/L) = ω/kV = 1/Λ = 1/(M cos θ). (15b)

If the Doppler-shifted frequency in the free stream ω∗(∞) = ω − kV < 0 is negative,
then since it is positive at the mid-line ω∗(0) = ω, it must vanish in between, at the
critical layer: this is case A in table 1. If the Doppler-shifted frequency is positive in
the free stream, it is positive everywhere, and no critical layer exists (case C), i.e. yc
is imaginary (15b) for Λ < 1. The intermediate case Λ = 1 corresponds (case B) to a
critical layer in the free stream yc = ∞.

It is clear that the differential equation (10) has regular singularities at

ξ = ±1, 1/Λ ≡ ξc, y = ±∞, yc, (16a, b)

corresponding to the free streams and critical layer (16b). Exact solutions of the
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Case i ii iii

Condition ω − kV > kc ω + kV > kc > ω − kV ω + kV < kc
Wavefield
Above shear layer Propagating Evanescent Evanescent
Below shear layer Propagating Propagating Evanescent

Table 3. Conditions for wave propagation and evanescence.

acoustic wave equation can be obtained by expanding in power series around the
singularities, with radius of convergence limited by the nearest singularity. There are
three cases, depending on (table 1) whether a critical layer exists or not, and where
it is located, according to the table 2. Thus matching of three pairs of solutions is
needed only if the critical layer lies in the shear flow (case A). If the critical layer does
not exist, the third singularity is beyond the unit circle, so matching of two pairs of
solutions is sufficient (case C). This is also true in the case of the critical layer in the
free stream (case B), because two singularities coincide ξc = 1, and the wave equation
(10) simplifies to

Λ = 1: (1− ξ2)2Φ′′ + 2(1− ξ2)Φ′ + [Ω2(1− ξ)2 −K2]Φ = 0, (17)

which has only two singularities.
In the preceding discussion the singularity of the differential equation (10) at infinity

ζ = ∞ was not mentioned, because it lies outside the physical region at y = iπ/2, and
the pair of solutions in its neighbourhood is not needed to specify the acoustic field
in the physical region: for completeness it is noted that the change of variable:

z ≡ 1/ζ, Ψ (z) ≡ Φ(ζ), (18a, b)

transforms the differential equation (10) to

(z − Λ)(z2 − 1)2z2Ψ ′′ + 2(z2 − 1)[z3 + Λ(1− 2z2)]zΨ ′

+ (z − Λ)[Ω2(z − Λ)2 −K2z2]Ψ = 0, (19)

and shows that the origin z = 0 is a regular singularity of (19), and thus the point
at infinity ξ = ∞ is a regular singularity of (10). It is noted in passing that since
the differential equation (10) has four regular singularities, it must be reducible to
Heun’s equation (Kamke 1944; Ronveaux 1996). For the acoustic problem at hand,
direct solution of the differential equation (10) by the Frobenius–Fuchs method is
more illuminating physically.

2.3. Asymptotic and exact wave fields

The asymptotic wave fields in the free streams can be readily determined because the
wave equation (8) then has constant coefficients:

U(±∞) = ±V : P ′′ + [(ω ∓ kV )/c2 − k2]P = 0. (20)

Introducing the vertical wavenumber, respectively above k+ and below k− the shear
layer:

k± ≡
∣∣(ω ∓ kV )2/c2 − k2

∣∣1/2 = (ω/c)
∣∣(1∓M cos θ)2 − cos2 θ

∣∣1/2 , (21)
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the asymptotic wave fields are given by

P (y → ±∞) ∼

A± exp (ik±y)+B± exp (−ik±y) if ∆ > 0 (22a)

A±y+B± if 0 = ∆ ≡ (ω ∓ kV )2 − k2c2 (22b)

A± exp (k±y)+B± exp (−k±y) if ∆ < 0, (22c)

where A±, B± are arbitrary constants of integration, to be determined from boundary
or radiation conditions. It is possible to have propagating (22a), evanescent (22c)
or marginal (22b) wave fields, above or below the shear layer in the combinations
shown in table 3, which divide the frequency spectrum into three ranges separated by
ω± ≡ k(c± V ).

As a first example the exact wave field near the upper free stream is obtained by
expansion about y = ∞ or ξ = 1, using the variable

ζ ≡ 1− ξ, F(ζ) ≡ Φ(ξ), (23a, b)

which transforms the differential equation (10) to

ζ2(2− ζ)2(1− Λ+ Λζ)F ′′ + 2ζ(2− ζ)(1− Λ− ζ)F ′
+(1− Λ+ Λζ)[Ω2(1− Λ+ Λζ)2 −K2]F = 0. (24a)

Since ζ = 0, ξ = 1, y = +∞ is a regular singularity, solutions exist as Frobenius–Fuchs
series:

F(ζ) =

∞∑
n=0

an(σ)ζn+σ. (24b)

with index σ and coefficients an to be determined. Substitution of (24b) into (24a)
leads to the follwing recurrence formula for the coefficients:

(1 − Λ)[4(n+ σ)2 + k2
+L

2]an(σ)

= {2(n+ σ − 1)[2(1− 2Λ)(n+ σ − 2) + 3− Λ]− Λ[k2
+L

2 + 2Ω2(1− Λ)2]}an−1(σ)

−{(n+ σ − 2)[(1− 5Λ)(n+ σ − 3) + 2] + 3Ω2Λ2(1− Λ)}an−2(σ)

−Λ{(n+ σ − 3)(n+ σ − 4) + Ω2Λ2}an−3(σ); (25a)

setting n = 0 yields

n = 0: 0 = 4σ2 + k2
+L

2 = 4(σ − σ+)(σ − σ+), (25b)

as the indicial equation.
The indices, which are the roots of (25b), are specified by (21), the vertical wavenum-

ber in the upper free stream:

σ± = ∓ik+L/2. (26)

The variable (23a), (9a)

ζ = 1− tanh(y/L) = 2/(1 + e2y/L), (27a)

is given asymptotically by

ζ = 2e−2y/L[1 + O(e−2y/L)]. (27b)
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Thus the wavefields (24b)

a0(σ±) ≡ 1: F±(ζ) =

∞∑
n=0

an(σ±)ζn+σ± (28a)

correspond to

P±(y) ≡
∞∑
n=0

an(∓ik+L/2)[1− tanh(y/L)]n±ik+L/2, (28b)

and have leading asymptotic terms

P±(y →∞) ∼ ζσ± ∼ e−2σ±y/L ∼ e±ik+y, (29a)

respectively upward P+ and downward P− propagating waves, in agreement with
(22a). The total acoustic field is thus given by

P (y) = A+P+(y) + B+P−(y), (29b)

where A+, B+ are arbitrary constants. In the free stream (29b) splits into upward and
downward propagating waves (29a); in the shear layer, each of P±(y) has upward and
downward propagating components, as would result from taking a spatial Fourier
spectrum of (28b); the reason is that there are multiple partial reflections of sound in
the shear layer, and since (28b) is exact, it includes multiple internal scattering of all
orders. Thus P±(y) are the exact (28b) wave fields in the shear layer which match to
respectively upward and downward propagating waves (29a) in the upper free stream.

3. Application to the acoustics of shear layers and vortex sheets
The hyperbolic-tangent shear flow profile is used to represent (figure 1) a shear

layer. The solution around the lower free stream can be obtained (§ 3.1) similarly
to that about the upper free stream (§ 2.3). In the absence of a critical layer, the
two solutions are valid in overlapping regions, and the continuity of pressure and
displacement specifies the scattering (reflection and transmission) coefficients for an
incident acoustic field. The limiting case of zero thickness on a wavelength scale leads
(§ 3.2) to the known results for the scattering of sound by a vortex sheet. When a
critical layer is present in the shear layer, the matching of three solutions is necessary
(table 2), except if the critical layer is the upper free stream, when again only two
solutions need to be matched (§ 3.3); in this case the solution around the upper free
stream is different from that obtained before in § 2.3, because the free stream coincides
with the critical layer.

3.1. Matching wave fields on two sides of the shear layer

The exact solution (29b), (28b) applies to the sound field in the shear layer and in the
absence of a critical layer it holds for −∞ < y 6 +∞, i.e. it excludes the lower stream,
which is another singularity of the wave equation. Thus it is necessary to match to
the solution of the wave equation around the singularity y = −∞, ξ = −1 or η = 0,
where η is the new variable

η ≡ 1 + ξ, G(η) = Φ(ξ), (30a, b)

which transforms the differential equation (10) to

η2(2− η)2(1 + Λ− Λη)G′′ + 2η(2− η)(1 + Λ− η)G′

+(1 + Λ− Λη)[Ω2(1 + Λ− Λη)2 −K2]G = 0. (31)
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Since η = 0 is a regular singularity, there are solutions as Frobenius–Fuchs expansions:

G(η) =

∞∑
n=0

bn(µ)ηn+µ, (32)

with index µ and coefficients bn to be determined. Substitution of (32) into (31) yields
the recurrénce formula for the coefficients:

(1 + Λ)[4(n+ µ)2 + k2
−L

2]bn(µ)

= {Λ[k2
−L

2 + 2Ω2(1 + Λ)2] + 2(n+ µ− 1)[3 + Λ+ 2(1 + 2Λ)(n+ µ− 2)]}bn−1(µ)

−{Ω2Λ2(1 + Λ) + (n+ µ− 2)[2 + (1 + 5Λ)(n+ µ− 3)]}bn−2(µ)

+Λ[(n+ µ− 3)(n+ µ− 4) + Ω2Λ2]bn−3(µ), (33)

which is of comparable complexity to (25a) for the ‘upper solution’.
Since the critical layer is at an unsymmetrical position y = yc > 0, the upper and

lower wave fields are not symmetric; nevertheless, the indicial equation, which follows
from (33),

n = 0: 0 = 4µ2 + k2
−L

2 = (µ− µ−)(µ− µ+), (34)

is similar to (26), i.e. has similar roots:

µ± = ±ik−L/2, (35)

with the lower vertical wavenumber k− appearing instead of the k+ in (21). The
variable (30a), (9a)

η = 1 + tanh(y/L) = 2/(1 + e−2y/L), (36a)

scales as

y → −∞: η = −2e2y/L[1 + O(e2y/L)], (36b)

and thus the leading terms of (32)

b0 ≡ 1: G±(η) =

∞∑
n=0

bn(±ik−L/2)ηn±ik−L/2, (37a)

scale as upward and downward propagating waves:

G±(η) ∼ (η)±ik−L/2 ∼ e±ik− , (37b)

in agreement with (22a).
Thus the wave fields below the shear layer are given by

P (y) = A−P+(y) + B−P−(y), (38)

where A−, B− are arbitrary constants, and

P±(y) =

∞∑
n=0

bn(±ik−L/2)[1 + tanh(y/L)]n±ik−L/2. (39)

For example, a wave of unit amplitude incident from below corresponds to P+:

−∞ 6 y < ∞: P (y) = P+(y) + RP−(y), (40)

and the reflection coefficient R affects the downward propagating wave P−; the wave
field (40) corresponds to (38) with A− = 1, B− = R. Above the shear layer (29b) there
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should be an upward propagating wave B+ = 0, with amplitude A+ = T equal to the
transmission coefficient:

−∞ < y 6 +∞ : P (y) = TP+(y). (41)

The wave fields (40), (41) are valid in overlapping regions, and their matching specifies
the reflection R and transmission T coefficients.

3.2. Comparison of the vortex sheet and the shear layer

The matching of the wave fields ensures the continuity of pressure p and vertical
displacement γ, which are related by the y-component of the momentum equation

ρ(∂/∂t+U∂/∂x)2γ + ∂p/∂y = 0. (42)

Introducing the spectrum of the vertical displacement:

γ(x, y, t) =

∫∫ +∞

−∞
Γ (y; k, ω)ei(kx−ωt) dk dω. (43a)

leads, (5), to the polarization relation:

dP/dy = ρ(ω − kU)2Γ = ρω2
∗Γ , (43b)

where the Doppler-shifted frequency (15a) is continuous. Thus P and dP/dy are
continuous, i.e. matching (40) and (41) at y = 0 yields

TF+(1) = G+(1) + RG−(1), −TF ′+(1) = G′+(1) + RG′−(1), (44a, b)

which can be solved:

[F+(1)G′−(1) + F ′+(1)G−(1)]{R,T }
= {−F+(1)G′+(1)− F ′+(1)G+(1), G+(1)G′−(1)− G′+(1)G−(1)}. (45)

for the reflection and transmission coefficients. The vanishing of the terms in the
square brackets on the left-hand side of (45) is related to the triggering of instabilities
of the shear flow by sound (Appendix A).

In the case of a shear layer of zero thickness, or a vortex sheet, the acoustic pressure
is given (40), (41) exactly by the asymptotic forms (37b), (29a):

P (y 6 0) = eik−y + R0e
−ik−y, P (y > 0) = T0e

ik+y, (46a, b)

and the corresponding displacements (43b) by

Γ (y 6 0) = {ik−/[ρ(ω + kV )2]}(eik−y − R0e
−ik−y), (47a)

Γ (y > 0) = {ik+/[ρ(ω − kV )2]}T0e
ik+y. (47b)

Continuity of P and Γ at y = 0 yields

1 + R0 = T0, k−(1− R0)/(ω + kV )2 = k+T0/(ω − kV )2, (48a, b)

which can be solved for the reflection and transmission coefficients of a vortex sheet:

R0 = (µ− 1)/(µ+ 1), T0 = 2µ/(1 + µ), (49a, b)

where

µ = (k−/k+)[(1−M cos θ)/(1 +M cos θ)]2. (50)

In the absence of a vortex sheet M = 0, then k+ = k− in (21), µ = 1 in (50), and there
would be total transmission R0 = 0, T0 = 1.
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The reflection and transmission coefficients for a vortex sheet (49a, b), (50) depend
only on the angle of incidence θ and Mach number M:

R0, T0(θ;M) = lim
δ→0

R,T (θ;M, δ), (51)

and are the limit of those of the shear layer (45), for zero thickness (12b) and real
angle of incidence 0 < θ 6 π; k is always real (21) in the case of acoustic waves (see
Appendix A for instabilities) but k+ is real only if

1−M cos θ > cos θ or 1−M cos θ < − cos θ, (52a, b)

which implies

cos θ < 1/(M + 1) or cos θ > 1/(M − 1), (53a, b)

so that sound propagates in the upper free stream if

π > θ > θ+ ≡ arg cos[1/(1 +M)] or 0 6 θ < θ− = arg cos [1/(M − 1)]. (54a, b)

Note that the first condition (54a) specifies a ‘zone of silence’ θ < θ+ for all M > 0,
whereas (54b) shows that for M > 2 the ‘zone of silence’ is θ− < θ < θ+. A similar
reasoning shows that below the shear layer k− is real, i.e. propagating waves exist in
the lower free stream if

0 6 θ < π − θ+ or π − θ+ < θ 6 π, (55a, b)

the first condition (55a) specifies a zone of silence π − θ+ < θ 6 π for all M > 0,
and the second condition (55b) shows that for M > 2 the ‘zone of silence’ is
π−θ+ < θ < π−θ−. The situation is illustrated in figure 2, where it is shown in figure
2(a) that if the Mach number of the free stream is less than 2 acoustic waves can
propagate on both sides of the shear layer if θ+ < θ < π − θ+, and for 0 < θ < θ+

are evanescent above and propagating below, and for π − θ+ < θ < π are evanescent
below and propagating above. In figure 2(b) it is shown that if the Mach number
of the free stream is more than 2, M > 2, then acoustic waves can propagate on
both sides of the shear layer in three arcs (0 < θ < θ− and θ+ < θ < π − θ+ and
π − θ− < θ < π), and for θ− < θ < θ+ are evanescent above and propagating below
and for π−θ+ < θ < π−θ− are propagating above and evanescent below. The critical
layer corresponds (table 1) to the angle

θ∗ ≡ arg cos(1/M), θ− < θ∗ < θ+, (56a, b)

so it exists only for a supersonic free stream M > 1, and lies always (56b) in the ‘zone
of silence’ of the upper stream, as shown in figure 2(a, b).

3.3. Acoustic waves at the Mach condition

In case B, that of the acoustic field at the Mach condition M cos θ = 1, the wave
equation simplifies to (17), which has only two singularities. The solution (38) at the
lower stream remains valid (39), (33), with the simplification Λ = 1, and extends up
to the upper stream −∞ 6 y < ∞. The solution in the upper stream (29b) is modified
from (28a) as can be seen from the recurrence relation (25a), which fails for Λ = 1.
The reason is that in case B two singularities coincide at ξ = 1, namely the free stream
ξ = 1 and the critical layer ξc = 1/Λ with Λ = 1 (see (16a)). Thus it is necessary to
start with the wave equation (17), although the change of variable (23a, b) remains
relevant,

Λ = 1: ζ ≡ 1− ξ, Φ(ξ) ≡ J(ζ) ≡ Q(y; k, kV ), (57a, b)
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Figure 2. Ranges of angle of incidence for free stream Mach numbers (a) M < 2 and (b) M > 2,
for which the acoustic fields are propagating (P) or evanescent (E), either above (A) or below (B)
the shear layer, in terms of the angles θ± in (54a, b). The angle of incidence θ∗ (56a) corresponding
to the critical layer is also indicated.

with k = (ω/c) cos θ = (ω/c)(Λ/M) from (13a), (14a), so that ω = kV for Λ = 1. The
differential equation is thus

ζ2(2− ζ)2J ′′ − 2ζ(2− ζ)J ′ + (Ω2ζ2 −K2)J = 0, (58)

which is simpler than in the general case (24a), from which it can be obtained by
setting Λ = 1.

When the critical layer lies in the upper free stream, it remains a regular singularity,
so that solutions exist in the form

J(ζ) =

∞∑
n=0

fn(ν)ζ
n+ν , (59)

with recurrence formula for the coefficients:

[4(n+ ν)(n+ ν − 2)−K2]fn(ν) = 2(n+ ν − 1)(2n+ 2ν − 3)fn−t(ν)

−[(n+ ν − 2)(n+ ν − 3) + Ω2]fn−2(ν). (60)

Setting n = 0 yields

n = 0: 0 = 4ν(ν − 2)−K2 (61)

as the indicial equation. Of the two indices

ν+ > 0 > ν−: ν± = 1±√1 +K2/4, (62)
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M θ− θ+ π − θ− π − θ+

0.3 0.00 39.72 180.00 140.28
0.8 0.00 56.25 180.00 123.75
1.2 0.00 62.96 180.00 117.04
2.5 48.19 73.40 131.81 106.60

Table 4. Zones of silence above and below the shear layer.

Thickness of Angle of incidence
Figure Mach number shear layer (deg.)

5 0.3, 0.8, 1.2, 2.5 1 75
6 0.8 0, 0.1, 1, 10 75
7 0.8 1 60, 75, 120
8 2.5 1 15, 75, 165

Table 5. Acoustic fields on the shear layer.

one is positive and the other negative. The corresponding solutions

J±(ζ) =

∞∑
n=0

fn(ν±)ζn+ν± , (63)

lead to wave fields

Q±(y) =

∞∑
n=0

fn(ν±)[1− tanh(y/L)]n+ν± , (64)

which scale in the free stream (27b) as

Q±(y →∞) ∼ ζν± ∼ e−2ν±y/L ∼ exp (y/L) exp
(
∓y√1/L2 + k2/4

)
, (65)

so that Q− diverges and Q+ is evanescent.
A bounded acoustic field is thus of the form Q+(y), and for a shear layer has to be

matched to (38):

Q+(y) = A−P+(y) + B−P−(y). (66)

The continuity of pressure and normal displacement at y = 0 yields[
J+(0)
−J ′+(0)

]
=

[
G+(0) G−(0)
G′+(0) G′−(0)

] [
A−
B−

]
, (67)

which determines uniquely the amplitude of the incident A− and reflected B− waves
below the shear layer; this is the only case in which the sound field is bounded at the
Mach condition above the shear layer, i.e. for all other values of (A−, B−) the acoustic
field could be unbounded at the critical layer in the upper free stream.

4. Scattering coefficients and wave field in a shear layer
The preceding results could be used to plot the acoustic field in a number of cases,

e.g. a shear layer (i) without a critical layer, (ii) with a critical layer in the upper
free stream leading to radiation at the Mach condition or (iii) with a critical layer in
the shear layer (table 1). For each of these cases could be plotted: (i) the reflection



316 L. M. B. C. Campos and M. H. Kobayashi

and transmission coefficients, as a function of angle of incidence θ, for different free-
stream Mach number M, and thickness of the shear flow on a wavelength scale δ;
(ii) the amplitude and phase of the acoustic pressure, as a function of the transverse
coordinate across the shear flow, for various combinations of θ,M, δ. The discussion
concerns a selection of data from this vast range of possibilities.

4.1. Effects of Mach number, angle of incidence and shear layer thickness

The condition that sound can propagate in the upper free stream (54a, b), does not
depend on the boundary layer thickness δ, but only on the Mach number, e.g. for
the four Mach numbers, which includes low-subsonic, high-subsonic, transonic and
supersonic free streams, the angles specifying the ‘zones of silence’ above and below
the shear layer (figure 2a, b) are given in table 4.

The moduli and phases of the reflection and transmission coefficients are plotted
as a function of angle of incidence in figure 3 for a single Mach number

M = 0.8. δ = 0, 0.1, 1, 10, (68a, b)

and a vortex sheet and three progressively thicker shear layers, and in figure 4 for
four Mach numbers and shear layer thickness equal to the wavelength

M = 0.3, 0.8, 1.2, 2.5, δ = 1. (69a, b)

The modulus and phase of the acoustic pressure is plotted for four cases listed in
table 5, which demonstrate the affects of the angle of incidence, the Mach number of
the free streams, and the thickness of the shear layer measured on the scale of the
wavelength in the free stream. In the cases of supersonic free streams, M = 1.2, 2.5,
there is a critical layer in the shear layer. In this case it is necessary to match the
solutions near the free streams (§ 2.3, § 3.1) to that near the critical layer (Campos &
Kobayashi 2000b), using methods similar to those in § 3.2.

4.2. Modulus and phase of the reflection and transmission coefficients

The modulus of the reflection factor (figure 3a) is unity in the zone of silence θ < 56◦
or θ > 124◦ in table 4 for a free-stream Mach number M = 0.8. Propagation above
and below the shear layer is possible only for the range of angles of incidence
56◦ < θ < 124◦. In this range the modulus of the reflection coefficient for a vortex
sheet δ = 0 is zero for normal incidence θ = 90◦ and then increases away from
the vertical, being maximum at θ = 65◦, 115◦, before decaying towards the edge of
the zone of silence θ 6 56◦, or θ > 124◦, where it becomes unity. For a thin shear
layer, e.g. thickness one-tenth of the wavelength δ = 0.1, there is still noticeable
wave reflection, but for thicker shear layers δ = 1, 10 the modulus of the reflection
coefficient is practically zero in the range of angles of incidence corresponding to
propagation on both sides of the shear layer.

The phase of the reflection coefficient (figure 3b) is either 0 or π for a vortex sheet
δ = 0, and is more rounded-off for a thin shear layer δ = 0.1. For a shear layer
of thickness equal to the wavelength δ = 1 the phase of the reflection coefficient is
significant, and it becomes small for a thick shear layer δ = 10. The modulus of the
transmission coefficient (figure 3c) differs little between a vortex sheet and a shear
layer, and is weakly dependent on the thickness of the latter. The modulus of the
transmission coefficient is unity (|T | = 1) for normal incidence θ = 90◦, and is smaller
(|T | < 1) in the forward arc θ < 90◦, larger (|T | > 1) in the rear arc θ > 90◦, except
near to the zone of silence; |T | → ∞ for θ → θ+ because the wave field below the
shear layer is evanescent, and |T | → 0 for θ → π − θ+ because above the shear layer
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Figure 3. (a, c) Modulus and (b, d) phase of the reflection and transmission coefficients, versus angle
of incidence θ, for free-stream Mach numbers M = 0.8, and a vortex sheet δ = 0, and a shear layer
of thickness δ = 0.1, 1, 10 on the scale of a wavelength.

the sound field is evanescent. The phase of the transmission coefficient (figure 3d) is
small over most of the range of angles of incidence for propagating waves on both
sides of the shear layer, and diverges as evanescence conditions are approached at
the edge of the ‘zones of silence’.

Considering (figure 4) a shear layer of thickness equal to the wavelength and
several free-stream Mach numbers (69a, b) the modulus of the reflection coefficient
is unity in the ‘zones of silence’ and zero in the propagation zone (table 4), with a
sharp transition in between (figure 4a). The phase of the reflection coefficient varies
with the angle of incidence in the propagation zone, with a phase jump of π across
normal incidence (figure 4b). The modulus of the transmission coefficient is unity for
normal incidence, larger in the real arc and smaller in the forward arc, the effect
being more pronounced for larger free stream Mach number (figure 4c). The phase
of the transmission factor is small in the propagation zone, and diverges at the edges
of the zones of silence, where the modulus of the transmission factor tends to zero
(rear zone of silence) or diverges (forward zone of silence) (figure 4d).
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Figure 4. As figure 3, but for a shear layer of thickness equal to the wavelength δ = 1, and
four free-stream Mach numbers corresponding to low-subsonic M = 0.3, high-subsonic M = 0.8,
transonic M = 1.2 and supersonic M = 2.5 jets.

4.3. Modulus and phase of acoustic pressure in the shear layer

The modulus and phase of the acoustic pressure,

P = |P | exp{i arg(P )}, −4 6 Y ≡ y/L 6 4, (70a, b)

are plotted next versus distance across the shear layer, made dimensionless by dividing
by the shear layer thickness L. The same four free-stream Mach numbers and shear
layer thickness (table 5) are considered (figure 5), for an angle of incidence θ = 75◦
corresponding to propagation on both sides of the shear layer in all cases (table 4).
The modulus of the acoustic pressure (figure 5a) decays more as it crosses the shear
layer for larger Mach number; in the case of supersonic free streams there are visible
amplitude oscillations at the lower but not in the upper stream. The phase of the
acoustic pressure (figure 5b) has a comparable total variation across the shear layer
for all Mach numbers, but is close to a linear function of thickness for low subsonic
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Figure 5. (a) Modulus and (b) phase of acoustic pressure (70a) versus distance across the shear layer
normalized to shear layer thickness (70b), for a shear layer of thickness equal to the wavelength,
and angle of incidence θ = 75◦ in the propagation zone (table 4) for all four free-stream Mach
numbers.
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Figure 6. As figure 5, but for a high subsonic free-stream Mach number M = 0.8, and a vortex
sheet δ = 0 and shear layers of various thicknesses on a wavelength scale δ = 0.1, 1, 10.

free streams, and has a noticeable ‘kink’ for the supersonic free streams, i.e. it varies
more rapidly in the lower half than in the upper half of the shear layer.

Retaining the angle of incidence, for high-subsonic free jets (table 5) the effect of
the thickness of the shear layer (figure 6) is significant both in the modulus and phase
of the acoustic pressure. The modulus of the acoustic pressure (figure 6a) decays
smoothly for the thick shear layer δ = 1, 10; for the vortex sheet δ = 0 and thin shear
layer δ = 0.1, it oscillates in the lower half of the shear layer and becomes constant
in the upper half. The phase of the acoustic pressure (figure 6b) increases rapidly in
the lower half of the shear layer (upstream propagation), more noticeably for thicker
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Figure 7. As figure 6, but for a shear layer of thickness equal to the wavelength δ = 1, and three
angles of incidence in the propagation zone 56◦ < θ < 124◦, two in the forward arc θ = 60, 75◦ and
one in the rear arc θ = 120◦.

shear layers; it then tends to a constant value in the upper half of the shear layer
(downstream propagation), with a larger value for thicker shear layers.

For the same shear layer (table 5) three angles of incidence are considered (figure 7)
all in the propagation zone 56◦ < θ < 124◦ in (table 4). The modulus of the acoustic
pressure (figure 7a) shows a decay or attenuation for angles of incidence θ = 60◦, 75◦
corresponding to downstream propagation (θ < 90◦) in the upper free stream, and
an increase or amplification for the angle of incidence θ = 120◦ corresponding to
upstream propagation in the upper free stream. The phase of the acoustic pressure
(figure 7b) has a comparable total variation across the shear layer in all three cases,
with an ‘upward’ kink for incidence in the forward arc θ < 90◦ and a downward
‘kink’ for incidence in the rear arc.

5. Discussion
The final case of a shear layer with the same thickness (table 5) of the supersonic

free streams (figure 8) is considered for angles of incidence (table 4) in the forward
θ = 15◦, central θ = 75◦, and rear θ = 165◦ propagation zones. The modulus of the
acoustic pressure (figures 8a) decays smoothly across the shear layer in the central
propagation zone θ = 75◦. In the forward and rear propagation zones, θ = 15◦, 165◦,
the modulus of the acoustic pressure oscillates strongly in the lower half of the
shear layer, and almost vanishes in the upper half of the shear layer; this is typical
of the transition from ‘light’ to ‘shadow’, in the present case for sound rather than
electromagnetic waves. The oscillations in the amplitude of the acoustic pressure (in
figures 8a, as well as 5a and 7a) are due to reflection in the shear layer; the acoustic
fields are calculated from multiple scattering series like (28b) and (39), consisting of
an unidirectional wave as the leading term, plus multiple reflections of all orders in
the following terms of the series.

The phase of the acoustic pressure (figure 8b) has a smaller total variation across
the shear layer for incidence in the central propagation zone, θ = 75◦, than in forward
or rear propagation zones, θ = 15◦, 165◦. In the central propagation zone, θ = 75◦,
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Figure 8. As figure 7, but for supersonic free streams M = 2.5, and angles of incidence in the
forward θ = 15◦, central θ = 75◦ and rear θ = 165◦ propagation zones.

the phase is almost a linear function of the thickness of the shear layer, with a larger
slope in the lower half (propagation upstream) than in the upper half (propagation
downstream), resulting in a ‘kink’ near the layer of zero velocity. The total phase
change across the shear layer is comparable for the angles of incidence in the forward
θ = 15◦ and rear θ = 165◦ propagation zones; in both cases there are phase jumps
of π at the nodes of the amplitude (in figure 8a). The phase curves have opposite
‘kinks’, i.e. upward in the forward propagation zone θ = 15◦ and downward in the
rear propagation zone θ = 165◦, due to the opposite sequences, namely propagation
upstream in the lower half and downstream in the upper half of the shear layer in
the former case θ = 15◦, and vice versa in the latter case θ = 165◦.

The properties of the acoustic fields in a shear layer which have been demonstrated
include the following: (i) a vortex sheet reflects sound waves much more strongly than
a shear layer of moderate thickness δ > 1 on a wavelength scale; (ii) the difference
between the vortex sheet and shear layer is less marked for the transmission coefficient;
(iii) the interaction between sound and flow in a shear layer is much more complex,
and richer in physical phenomena, than for a vortex sheet. Thus the vortex sheet
(Miles 1958) is an acceptable idealization of a shear layer only for thickness less than
about a tenth of the wavelength. The other simple idealization is the opposite limit
of sound ‘rays’; here the wavelength should be much smaller than the thickness of
the shear layer (Amiet 1978). Between these opposite extremes, and most notably
for wavelengths comparable to the thickness of the shear layer, the acoustic fields in
the latter are specified by the solution of the wave equation. The method of exact
solution of the wave equation applies not only to the propagation of sound in a shear
layer (as the main subject of the paper), but also to the triggering of its instabilities
(as outlined in Appendix A).

Appendix A. Acoustic triggering of instabilities in a shear flow
The denominator of the reflection R and transmission T coefficients is the function

in square brackets on the left-hand side of (45):

F+(1)G′−(1) + F ′+(1)G−(1) ≡ H(kL, ωL/c,M), (A 1)



322 L. M. B. C. Campos and M. H. Kobayashi

which depends on three dimensionless parameters: the Mach number (14b) and the
dimensionless horizontal wavenumber (11b) and frequency (11a). For real wavenum-
ber k and frequency ω the function H in (A 1) does not generally vanish, and the
scattering coefficients R,T in (45) remain finite; this is the case addressed in the main
paper, of sound propagation in a shear flow, without triggering instabilities. The case
where instabilities are triggered, which will be mentioned briefly in this Appendix,
corresponds to singular scattering coefficients in (45), or the vanishing of (A 1), which
generally occurs only for complex k or ω, leading to two cases. In case 1 of real
wavenumber k, the roots of

0 = H(kL, (ωr + iωi)L/c,M) (A 2)

specify a complex frequency:

ω = ωr + iωi: exp (−iωt) = exp (−iωrt) exp (ωit), (A 3)

whose imaginary part is the rate of growth in time, and generally depends on the
Mach number and dimensionless wavenumber:

H = 0: ωi = (c/L)f(kL,M). (A 4)

The boundary between the condition of temporal growth ωi > 0 or decay ωi < 0 of
disturbances is ωi = 0, and specifies a relation

ωi = 0: k = L−1g(M), (A 5)

between wavenumber and Mach number, which is the ‘stability boundary’.
An alternative approach is case II of real frequency ω, and complex wavenumber

root of the corresponding equation:

0 = H((kr + iki)L,ωL/c,M), (A 6)

which specifies

k = kr + iki: exp (ikt) = exp (ikrt) exp (−kit), (A 7)

with spatial growth for ki < 0 and decay for ki > 0 in

H = 0: ki = L−1f̄(ωL/c,M), (A 8)

so that the ‘stability boundary’ corresponds to:

ki = 0: ω = (c/L)ḡ(M). (A 9)

In either case I or II, the calculation of the acoustic pressure from its spectrum, leads
to the evaluation of a Fourier integral (5), with the function (A 1) in the denominator.
Thus the instabilities of the shear flow, which are specified by the roots of the function
(A 1), appear as poles of the integrand in (5); the residues at these poles specify the
acoustic field triggered by these instabilities, by suitable deformation of the path of
integration away from the real axis, or by closing it with a suitable contour. The
choice of path of integration depends on the location of the poles, and thus on the
roots of (A 1), which are specified by the Frobenius–Fuchs series (24b), (25a), (26),
(32), (33), (35). Although it is not the purpose of the present paper to go in detail into
the study of instabilities of a shear flow, some remarks will be made on the calculation
of these Frobenius–Fuchs series, since they are the same as used to calculate sound
scattering by a shear flow, in the main body of the paper.
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Appendix B. Rate of convergence and truncation of Frobenius–Fuchs series
Both for the case of sound propagation across a shear layer (main paper) and

the triggering of instabilities of a shear flow (Appendix A), the acoustic fields are
calculated from Frobenius–Fuchs series, which are power series:

Q(z) =

∞∑
n=0

qnz
n+σ, (B 1)

where the index σ is a constant, and the coefficients qn satisfy a linear recurrence
formula of order m:

qn = r1qn−1 + r2qn−2 + · · ·+ rmqn−m. (B 2)

The rate of convergence is defined as the ratio of two successive terms of the series:

|qnzn+σ|/|qn−1z
n+σ−1| = |z||qn/qn−1| ≡ s, (B 3)

and if it is known an upper bound for the truncation error after n terms follows:

En =

∣∣∣∣∣
∞∑
j=n

qjz
σ+j

∣∣∣∣∣ 6 |z|σ+n|qn|
∞∑
j=0

sj =
|z|σ+n|qn|

1− s . (B 4)

In the case of a binary recurrence formula

m = 1: qn = rqn−1, (B 5)

the rate of convergence (B 3) follows immediately

s = |z| lim
n→∞ r ≡ |z|r

∞. (B 6)

This is the case for the most usual special functions (Bessel, Hypergeometric, etc.).
In the present problem the simplest recurrence formula is triple:

qn = r1qn−1 + r2qn−2, (B 7)

i.e. in the case (60) of acoustic waves at the Mach condition

qn ≡ fn: r1 =
2(n+ ν − 1)(2n+ 2ν − 3)

4(n+ ν)(n+ ν − 2)− k2
→ 1 ≡ r∞1 , (B 8a)

n→∞: r2 = − (n+ ν − 2)(n+ ν − 3) + Ω2

4(n+ ν)(n+ ν − 2)− k2
→ −1

4
≡ r∞2 , (B 8b)

where the limits are taken as n → ∞. In the case of a triple recurrence formula, the
rate of convergence can be calculated from the continued fraction:

qn/qn−1 = r1 + r2/(qn−1/qn−2): lim
n→∞ qn/qn−1 = r∞1 +

r∞2

r∞1 +
r∞2

r∞1 +
r∞2

r∞1 +
r∞2
. . .

(B 9)

where r∞i ≡ lim
n→∞ ri, i = 1, 2. In the present case z ≡ ζ in (57a), and thus the rate of

convergence is given by

s =
|ζ|
2
, (B 10)

because the continued fraction (B 9) with the values (B8a, b) converges to 1/2, as will
be shown next.
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The continued fraction (B 9) is equivalent to the discrete mapping

xn = h(xn−1), (B 11)

where the function h is defined by

h(x) = r∞1 + r∞2 /x. (B 12)

The equation (B 11) converges to a fixed point x̄ such that

lim
x→∞ xn = x̄: x̄ = r∞1 + r∞2 /x̄. (B 13)

The quadratic equation (B 13) has roots specifying the fixed points:

2x̄ = r∞1 ±
√

(r∞1 )2 + 4r∞2 . (B 14)

For the values (B8a, b) the roots (B 14) coincide x̄ = 1/2, so that there is only one
fixed point; this is the limit of (B 9) used in (B 10).

The solution in all the remaining cases (24b), (25a) and (32), (33) are given by
quadruple recurrence formulas:

qn = r1qn−1 + r2qn−2 + r3qn−3, (B 15)

e.g. for (25a)

qn ≡ an: r0 = (1− Λ)[4(n+ σ)2 + k2
+L

2], (B 16a)

r1 = r−1
0 {2(n+ σ − 1)[2(1− 2Λ)(n+ σ − 2) + 3− Λ]

−Λ[k2
+L

2 + 2Ω2(1− Λ)2]}, (B 16b)

r2 = −r−1
0 {(n+ σ − 2)[(1− 5Λ)(n+ σ − 3) + 2] + 3Ω2Λ2(1− Λ)}, (B 16c)

r3 = −r−1
0 Λ{(n+ σ − 3)(n+ σ − 4) + Ω2Λ2}, (B 16d)

implying that

r1 → (1− 2Λ)/(1− Λ) ≡ r∞1 , r2 → (5Λ− 1)/[4(1− Λ)] ≡ r∞2 ,
r3 → −Λ/[4(1− Λ)] ≡ r∞3 . (B 17a, b, c)

as n→∞. In the case of small Λ

5Λ� 1: r1 → 1, r2 → −1/4, r3 → r∞3 � −1/20, (B 18a, b, c)

if the qn are decreasing, then (B 15) can be approximated by a triple recurrence
formula (B 7), and the preceding method applies again.

If Λ is not small, the preceding approximation does not apply. In this case to
compute the rate of convergence the quadruple recurrence formula (B 15) is written
as

ln = qn/qn−1: ln = r1 + r2/ln−1 + r3/(ln−1ln−2), (B 19)

leading to the limit

l = lim
n→∞ ln: l = r∞1 + r∞2 /l + r∞3 /l

2, (B 20)

which specifies the fixed points as roots of the cubic

0 = l3 − r∞1 l2 − r∞2 l − r∞3 =

(
l − 1

2

)2(
l +

Λ

1− Λ
)
, (B 21)
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where (B 17a, b, c) were used. It follows that the rate of convergence is specified by

s = max

(
1

2
,

Λ

Λ− 1

)
|ζ|. (B 22)

This result shows that the radius of convergence of the Frobenius–Fuchs series is,
in this case, equal to min (2, (Λ − 1)/Λ). It also shows that the rate of convergence
s increases linearly with |ζ|. Thus, the series can be summed with as many terms as
needed to have a given number of accurate digits (four in the calculation for the plots
in figures 3 to 8). Given ζ, the rate of convergence s is calculated from equation (B 22),
and then used in equation (B 4) as an error estimation (in actual computations ten suc-
cessive terms are compared, in order to overcome some oscillations in the convergence
of the terms of the series). Also, by changing the matching point within the region of
convergence of each series, it can be verified that the acoustic fields are not sensitive
to this choice, except very close to the boundaries of the region of convergence.
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